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abstract
This paper is a comment on the paper “Quantum Mechanics and Algorithmic
Randomness” was written by Ulvi Yurtsever [1] and the briefly explanation
of the algorithmic randomness of quantum measurements results.
There are differences between the computability of probability sources,
( which means there is an algorithm that can define the way that random
process or probability source generates the numbers ) and the algorithmic
randomness of the sequences or strings which are produced by a source. We
may have the source without a computable algorithm for that but it can
produce compressible or incompressible strings. For example, so far there is
no computable algorithm that can define the abstract meaning of randomness
even the easiest one, Bernoulli probability distribution. Historically and
philosophically there many scientist believe the existence of the algorithm for
a random process is a contradiction because in their opinion, in the definition
of a random variable, implicitly assumed that there is no reason for the
happening of an event and we just know the probabilities. There is however
no need to enter into this matter here. As in the paper mentioned, all the
algorithms for simulating a random process try to pass the statistical tests
and be close to the abstract meaning of it.
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1 Introduction
Before quantum mechanics be introduced, there was this approach that there
is no real randomness in the real world and the probability models are just
theoretical concepts and the randomness that will defined in the real world,
as it was in the mentioned paper too, it is just pseudo-randomness which
means they are simulation of the abstract meaning of randomness and they
have been introduced to have similar property as the abstract definition[4].
Because in the definition of a random probability we just know with some
probabilities some events happen and there is no reason for them. Defin-
ing every reason for that change the definition of randomness which this
means there is no algorithm that can predict and simulate the outcomes of
a probability source. By this abstract definition of each random variable or
probability source is not computable, this means there is no algorithm for
defining them.
After quantum mechanics as you can see [5], the results of quantum mea-
surement define exactly similar to the abstract meaning of probability theory,
and they suppose there is no reason that why this result appear, it is impor-
tant that they emphasize, there is no reason and it is different from, there
can be a reason and we have lack of knowledge.
Due to this definition the quantum randomness is completely correspond
to the abstract mathematical definition of probability randomness and it not
computable too.
As you can see in the definition of the Bernoulli probability source there
is no reason or algorithm that why the probability source produce zero or
one and it is just happens with probability p. But the strings and the se-
quences are produced by these sources can be algorithmically random or can
be compressible.
With above definitions, theoretically there is no differences between Bernoulli
sources and measurements on qubits or 2×2 density metrices, but practically
similar to [6], it is possible to find difference between classical sequences and
quantum measurements results.
2 Preliminaries
In this section we will discuss some basic concepts about quantum models
and quantum measurements that we need here, then if you are familiar with
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these topics, you can jump to the conclusions, at the section “About this
article”.
2.1 Quantum sequences
For each density matrix ρ ∈ M2(C), we can perform various measurements
corresponds to a family of operators Π = {pi0, pi1} ∈ M2(C) satisfying the
following:
pik = pi
∗
k, pi
2
k = pik, k 6= l ⇒ pikpil = 0, pi0 + pi1 = I (1)
density operators play the role of probability distributions in the ordinary
probability theory.[3]
Property 1. When we perform the measurement Π under the state
ρ , the probability of obtaining the outcome pik, say P(k|Π), is given by
P(k|Π) = Tr(ρpik).
Property 2. The quantum model of performing measurement Π = {pi0 =
|0〉〈0|, pi1 = |1〉〈1|} ∈M2(C) on the quantum state ρ = 12
[
1 0
0 1
]
, are exactly
the same as the classical model of Bernoulli distribution with parameter 1/2,
which means in both model just two events can happen and each events
happen with probability 1/2 and there is no different from doing one mea-
surement on the state ρ and one realization of a Bernoulli distribution.
Property 3. If x1x2 · · ·xn be a string with length n and xi ∈ {0, 1}. If
this string generate from a Bernoulli source ( which means x1x2 · · ·xn are i.i.d
with Bernoulli distribution) there can be 2n different strings with length n
and all with probability 1
2n
and similarly this string with the same probability
distribution for each case can be the results of the quantum measurements.
Generally, Let n be the sample size or the length of the string for the string
x1x2 · · ·xn we define D = |x1x2 · · ·xn〉, and xi ∈ {0, 1}. The element of D is
a result of following quantum measurements.
Let Π = {pi0, pi1} ∈M2(C) satisfying the following:
pik = pi
∗
k, pi
2
k = pik, k 6= l ⇒ pikpil = 0, pi0 + pi1 = I (2)
Let us denote ρ⊗(n) := ρ⊗ ρ⊗ · · · ⊗ ρ︸ ︷︷ ︸
n
, Π⊗(n) = {pii1 ⊗ pii2 ⊗ · · ·piin |piij ∈
{pi1, pi2}}
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D = |x1x2 · · ·xn〉 = pix1 ⊗ pix2 ⊗ · · ·pixn(ρ
⊗(n))pix1 ⊗ pix2 ⊗ · · ·pixn
Tr(ρpix0)Tr(ρpix1) · · ·Tr(ρpixn)
(pix1ρpix1)⊗ (pix2ρpix2)⊗ · · · ⊗ (pixnρpixn)
Tr(ρpix0)Tr(ρpix1) · · ·Tr(ρpixn)
with probability P(D) = Tr(ρpix0)Tr(ρpix1) · · ·Tr(ρpixn).
Property 4. The quantum strings that are generated by doing a mea-
surement on density metrics ρ ∈ M2(C) and classical strings are generated
by Bernoulli source, are theoretically the same. Although practically the
strings are produced by computers or flipping a real coin can be different
from the quantum strings, because they are some simulations of Bernoulli
distribution, and they just trying to be close to the abstract definition of
Bernoulli distribution.
Property 5. As we defined above, The infinite sequence is generated by
both of the models (quantum measurements and classical Bernoulli distribu-
tion) according to the brudno’s theorem are algorithmically random.
As we defined, the sequence has been produced in quantum source or
measurement of quantum system, can be similar Bernoulli distribution or
Bernoulli source. According to the Heisnberg definition there is no reason for
the results of quantum measurement. Then it is obvious that the quantum
measurement is Kolmogorov randomness. But the sequence that will be
produced by it can be compressible or incompressible.
2.2 Quantum measurements on the entangled states
Remark 1. Let |ψ〉 = |00〉+|11〉√
2
∈ HA ⊗ HB , be a shared state between
Alice and Bob. When Bob wants to do an arbitrary measurement with the
operators {Mα,Mβ}, then the measurement operators on the whole system
will be {I ⊗Mα, I ⊗Mβ}, then
• We observe α with probability P(α) = 〈ψ|I ⊗M †αMα|ψ〉, the original
quibt ψ will collapse to ψα :=
I⊗Mα|ψ〉
‖I⊗Mα|ψ〉‖ , where ‖I ⊗Mα|ψ〉‖2 = P(α).
• We observe β with probability P(β) = 〈ψ|I⊗M †βMβ|ψ〉 and the original
quibt ψ will collapse to ψβ :=
Mβψ
‖I⊗Mβ |ψ〉‖ , where ‖I ⊗Mβ |ψ〉‖2 = P(β).
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Remark 2. Similarly, here we can just do a measurement on the first
system, we should choose the measurement as {|N〉〈N | ⊗ I, |N ′〉〈N ′| ⊗ I}.
Because in the mentioned paper, Alice do the measurement in the compu-
tational basis, so we do our measurement on the first system, before Bob’s
measurement, with these operators {|0〉〈0| ⊗ I, |1〉〈1| ⊗ I}, on the qubit ψ,
• We observe 0 with probability P(0) = 〈ψ||0〉〈0| ⊗ I|ψ〉 = 1/2 and the
original quibt ψ will collapse to ψ0 :=
|0〉〈0|⊗I|ψ〉
‖|0〉〈0|⊗I|ψ〉‖ = |00〉.
• We observe 1 with probability P(1) = 〈ψ||1〉〈1| ⊗ I|ψ〉 = 1/2 and the
original quibt ψ will collapse to ψ1 :=
|1〉〈1|⊗I|ψ〉
‖|1〉〈1|⊗I|ψ〉‖ = |11〉.

Remark 3. Now, what happen if Alice does the measurement {|0〉〈0| ⊗
I, |1〉〈1| ⊗ I}, after Bob’s arbitrary measurement {I ⊗Mα, I ⊗Mβ},
Let P(0|α) = The probability of Alice observes 0 if Bob observed α in the
second measurement. Then
P(0|α) = 〈ψα|
(
|0〉〈0| ⊗ I
)
|ψα〉
=
〈ψ|I ⊗M †α
‖I ⊗Mα|ψ〉‖
(
|0〉〈0| ⊗ I
) I ⊗Mα|ψ〉
‖I ⊗Mα|ψ〉‖
=
〈ψ||0〉〈0| ⊗M †αMα|ψ〉
‖I ⊗Mα|ψ〉‖2
=
〈0|0〉〈0|M †αMα|0〉
2‖I ⊗Mα|ψ〉‖2
=
〈0|M †αMα|0〉
2‖I ⊗Mα|ψ〉‖2
Also P(1|β) = The probability of Alice observes 1 if Bob observed β in
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the second measurement. Then,
P(1|β) = 〈ψβ|
(
|1〉〈1| ⊗ I
)
|ψβ〉
=
〈ψ|I ⊗M †β
‖Mβψ‖
(
|1〉〈1| ⊗ I
) I ⊗Mβ|ψ〉
‖I ⊗Mβ|ψ〉‖
=
〈ψ||1〉〈1| ⊗M †βMβ |ψ〉
‖I ⊗Mβ |ψ〉‖2
=
〈1|1〉〈1|M †βMβ |1〉
2‖I ⊗Mβ |ψ〉‖2
=
〈1|M †βMβ|1〉
2‖I ⊗Mβ |ψ〉‖2
with the law of total probability if Bn, n = 1, 2, 3, ... is a set of pairwise
disjoint events whose union is the entire sample space, then for any event A
of the same probability space: P(A) =
∑
n P(A ∩ Bn) or equivalently
P(A) =
∑
n
P(A|Bn)P(Bn)
then in this case:
if P(0) = the probability that Alice observes 0 if Bob did an arbitrary
measurement on the second system then
P(0) = P(0|α)P(α) + P(0|β)P(β)
=
〈0|M †αMα|0〉
2‖I ⊗Mα|ψ〉‖2 × ‖I ⊗Mα|ψ〉‖
2 +
〈0|M †βMβ |0〉
2‖I ⊗Mβ|ψ〉‖2 × ‖I ⊗Mβ |ψ〉‖
2
=
〈0|M †αMα|0〉
2
+
〈0|M †βMβ|0〉
2
=
〈0|M †αMα +M †βMβ|0〉
2
=
〈0|I|0〉
2
=
1
2
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and similarly
P(1) =
1
2

Remark 4. Suppose {Ll} and {Mm} are two sets of measurement op-
erators. Then a measurement defined by the measurement operators {Ll}
followed by a measurement defined by the measurement operators {Mm} is
physically equivalent to a single measurement defined by measurement oper-
ators {Nlm} with the representation Nml ≡MmLl.[2]
Remark 5. Let
|ψ〉⊗(N) := |ψ〉 ⊗ |ψ〉 ⊗ · · · ⊗ |ψ〉︸ ︷︷ ︸
N
be the quantum system of N shared state between Alice and Bob where
|ψ〉 = |00〉+ |11〉√
2
∈ HA ⊗ HB be a shared state between Alice and Bob.
Bob does an arbitrary measurement on the j-th state with the operators
{piαj , piβj}, or similar Remark 2 does nothing and Alice performing measure-
ment by operators {|0〉〈0|, |1〉〈1|} then the measurement operators on the
whole system will be
Π⊗(N) =
{(
pii1 ⊗ |K1〉〈K1|
)⊗ (pii2 ⊗ |K2〉〈K2|)⊗ · · · (piiN ⊗ |KN〉〈KN |)
∣∣∣∣
piij ∈ {piαj , piβj}, Ki ∈ {|0〉〈0|, |1〉〈1|}
}
(Note: if Bob does more than one measurement as you can see in Remark 4,
we can assume all of them as one measurement.)
Then according to the Property 3 and Remark 3, Alice observe each
sequence k1k2 · · · kN where kj ∈ {0, 1} with probability 1
2N
, in other words
P(|k1k2 · · · kN〉) = 1
2N
∀kj ∈ {0, 1}.
Remark 6. According to the above discussions, the conclusion of these
three following events are the same and in each case the probability of re-
sults, zero or one, comes from the Bernoulli distribution, which means Alice
observes 0 with probability 1/2 and observes 1 with probability 1/2 and it will
not change anything.
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1. If Bob does a measurement on the second system and then Alice does
a measurement in the first system.
2. If Bob does many measurements (more than one) on the second system
and then Alice does a measurement in the first system.
3. If Alice just does a measurement in the first system and Bob does
nothing.

In every time, when we perform a measurement on one part of the en-
tangled system, the probability of getting a specific result is completely in-
dependent from the measurement or unitary operators acting on the second
part. As we showed in our case when we are doing the measurement in the
computational basis on the state ψ, we always deal with a Bernoulli proba-
bility distribution with parameter p=1/2, then the result always comes from
this Bernoulli distribution.
3 About the article
First, in the mentioned paper, we have many references to a manuscripts
that doesn’t have published yet.
Second, in the mentioned paper the writer defined a channel for proving
his theory and he said, “Here is how the construction of this communica-
tions channel might proceed: First, Alice and Bob agree at the outset that
Alice should interpret any compressible N-bit block in her string as a 0-bit,
and any incompressible block as a 1-bit,.... Now, to send a 0-bit to Al-
ice, Bob does nothing (i.e., keeps his spin-measurement axis unchanged,
pointing along the original predetermined direction). To send a 1-bit,...,
Bob prepares a sequence of N random measurement directions using T as a
random-number generator, and performs his next N measurements along the
successive orthonormal bases associated with the successive directions from
this random sequence. This procedure of scrambling with the random template
T guarantees that Bobs modified N-bit long string of quantum measurements
is almost surely p-incompressible.”
and he proceeded to say, “The crucial requirement for Bobs choice of N
measurements is that it should be guaranteed to be free of any regularities
that might be present in the N-bit block (representing the 1-bit) he wishes
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to send Alice. His scrambling procedure is designed to destroy any nascent
correlations that might exist in the original bit stream of measurements.”
he did not prove that with this channel has a capacity more than zero and
the results of using this channel is algorithmic randomness and by mistake,
with the above descriptions he just explained why he thought that it should
have this properties.
Then he concluded because of the channel he defined, we can send a
message with entangled quibts then it contradict with relativistic causality
so the quantum randomness should be algorithmically random.
1. If Bob do every measurement in one entangled state ψ similar to Re-
mark 3, then changing Bob’s measurements has no effect on the cor-
relation or on the results that Alice will observe and the results come
i.i.d., from a Bernoulli distribution (in contrast to the writer’s specu-
lation). Then as we discussed in Remark 5 and 6, and Property 4, it
will not change the results that Alice will observe.
2. I am sure that the writer did not intend to do all different random
measurements in one entangled measurement, but just to be clear, if
he intended, it isn’t helpful because with the first measurement that
Alice does, the entangled state will collapse and the state of the system
will be separable and the other Bob’s measurements will not change
the Alice state at all.
As you can see in the definition of channel if Bob wants to send zero he
does nothing, he does not change the measurement basis, (he can do the
measurement in this basis or he can do nothing) and if he wants to send
1 with the way was explained, he changes his measurement basis and does
the measurement, and the writer think this randomly basis choosing can
make an incompressible string for Alice, and he concluded “This procedure
of scrambling with the random template T guarantees that Bob’s modified N-
bit long string of quantum measurements is almost surely p-incompressible.”
but as we mentioned above in Remark 5 and Remark 6, if Bob does nothing
or chooses a basis randomly and does a measurement, Alice always deals
with a Bernoulli probability distribution with parameter p=1/2, then the
results always come from this Bernoulli distribution. All the string with the
length N will appear with probability 1
2N
. In both case (Bob does nothing,
or act according his procedure) the string with N zeros comes exactly with
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probability 1
2N
similar to an incompressible string with length N can appear.
In the other words, Bob can not affect the Alice’s strings, either he can
not made the Alice’s string become incompressible or he can not make it
compressible, So his channel is useless.
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